On Action with Grassmann-Odd Lagrangian by Soroka, V. A.
ar
X
iv
:h
ep
-th
/9
50
70
30
v1
  5
 Ju
l 1
99
5
ON ACTION WITH GRASSMANN-ODD LAGRANGIAN
Vyacheslav A. Soroka ∗
Kharkov Institute of Physics and Technology
310108, Kharkov, Ukraine
The action with the Grassmann-odd Lagrangian for the supersymmetric classi-
cal Witten mechanics is constructed. It is shown that the exterior differential can
be used for the connection between Grassmann-even and Grassmann-odd formula-
tions of the classical dynamics in the superspace in both Hamilton’s and Lagrange’s
approaches.
PACS: 11.15-q, 11.17+y
1. There is a well-known close inter-relation between Hamilton’s and Lagrange’s
formulations of the classical dynamics in the superspace when both of them are performed
by means of the even (with respect to the Grassmann grading) attributes: the even Poisson
bracket and the even Hamiltonian for the first formulation, and the action with the even
Lagrangian for the last one. On the other hand, it was shown that Hamilton’s dynamics
for the systems, having an equal number of pairs of even and odd canonical variables, has
equivalent Grassmann-odd Hamilton’s formulation with the odd both Poisson bracket and
Hamiltonian [1, 2]. Therefore, by analogy with the even case it was naturally assumed [2]
that Grassmann-odd Lagrange’s formulation of the dynamics for such systems has also to
exist.
In this note the idea about the dynamics formulation based on the action with the
Grassmann-odd Lagrangian is realized on the example of d = 1, N = 2 supersymmetric
Witten’s mechanics [3] in its classical version [4, 1]. Note, that the validity of the statement
made in [2] concerning the existence of the dynamics formulation by means of the odd
Lagrangian was also confirmed in [5].
2. Let us consider a system invariant with respect to the N = 2 (α = 1, 2) supersym-
metry of the proper time t
t′ = t+ iǫαθα , θ′α = θα + ǫα .
By using the covariant derivatives
Dα =
∂
∂θα
− iδαβθ
β ∂
∂t
,
and two real scalar superfields
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Φ(t, θ1, θ2) = q(t) + iψα(t)θ
α + iF (t)θαθα ,
Ψ(t, θ1, θ2) = η(t) + iaα(t)θ
α + iΞ(t)θαθα ,
having the opposite values of the Grassmann grading g (g(Φ) = 0, g(Ψ) = 1), the follow-
ing supersymmetric action S¯ with the Grassmann-odd Lagrangian L¯ (g(L¯) = 1) can be
constructed
S¯ =
∫
dtdθ2dθ1
[
−
1
2
DαΨDαΦ+ iΨW (Φ)
]
=
∫
dtL¯ , (1)
where W (Φ) is an arbitrary real function of Φ and the index α is raised Dα = ǫαβDβ and
lowered θα = ǫαβθ
β by means of the antisymmetric tensors ǫαβ , ǫαβ (ǫ
αβǫβγ = δ
α
γ , ǫ
12 = 1).
Excluding after integration in (1) over the Grassmann variables θ1, θ2 the auxiliary fields
F and Ξ with the help of their equations of motion, we obtain
L¯ =
·
η
·
q +
i
2
(aα
·
ψα −
·
aα ψα − 2aαψαW
′)− η (WW ′ +
i
2
ψαψαW
′′) , (2)
where the dot and the prime mean the derivatives with respect to t and q correspondingly.
The odd Lagrangian L¯ leads to the momenta
p =
∂L¯
∂
·
η
=
·
q ; π =
∂L¯
∂
·
q
=
·
η ; (3a)
πα =
∂L¯
∂
·
aα
= −
i
2
ψα ; pα =
∂L¯
∂
·
ψα
=
i
2
aα , (3b)
canonically conjugate to the coordinates η, q, aα and ψα in the odd bracket
{η, p}1 = {q, π}1 = 1; {a
α, πβ}1 = {ψ
α, pβ}1 = δ
αβ , (4)
where the remaining odd-bracket relations between the canonical variables with zero in
their right-hand sides are unwritten here. Relations (3a) express the velocities
·
q and
·
η in
terms of the corresponding momenta, while (3b) define the constraints
ϕα = πα +
i
2
ψα ; fα = −pα +
i
2
aα , (5)
which, as can be verified by using relations (4), are of the second class
{ϕα, fβ}1 = −iδ
αβ ; {ϕα, ϕβ}1 = {f
α, fβ}1 = 0 . (6)
We designate the Grassmann-even coordinates, momenta and constraints with the Latin
letters, while the odd ones with the Greek letters. If we introduce the variables
χα = πα −
i
2
ψα ; gα = −pα −
i
2
aα ,
which are canonically conjugate each other in the odd bracket (4)
{χα, gβ}1 = iδ
αβ ; {χα, χβ}1 = {g
α, gβ}1 = 0 ,
2
and whose odd-bracket relations with the constraints ϕα, fα are vanished, then Dirac’s
odd bracket from any functions A and B take the form
{A,B}D.B.1 = {A,B}1 + i{A,ϕ
α}1{f
α, B}1 − i{A, f
α}1{ϕ
α, B}1 =
= A
(
←
∂ q
→
∂π −
←
∂ π
→
∂ q +
←
∂ η
→
∂ p −
←
∂ p
→
∂ η + i
←
∂χα
→
∂ gα − i
←
∂ gα
→
∂χα
)
B , (7)
where
←
∂ and
→
∂ are right and left derivatives, and the notation ∂z =
∂
∂z
is introduced.
Following from the Lagrangian (2) the total odd Hamiltonian, if subjected to the second-
class constraints ϕα = 0 and fα = 0, takes the form
H¯ = pπ + η (WW ′ +
i
2
χαχ
αW ′′) + igαχ
αW ′ (8)
and with the use of Dirac’s bracket (7) gives Hamilton’s equations
·
xa= {xa, H¯}D.B.1
for the independent phase variables xa = (q, p, χα, η, π, gα)
·
q= p ,
·
p= − WW ′ −
i
2
χαχ
αW ′′ ,
·
χα= χαW
′ , (9a)
·
η= π ,
·
π= −
{
η
2
[(W 2)′′ + χαχ
αW ′′′] + igαχ
αW ′′
}
,
·
gα= gαW
′+ηχαW
′′ . (9b)
Equations (9a) are Hamilton’s equations for Witten’s supersymmetric mechanics [3] in its
classical version [1] which can be derived by means of Dirac’s even bracket
{A,B}D.B.0 = {A,B}0 − i{A,ϕ
α}0{ϕ
α, B}0 = A
(
←
∂ q
→
∂ p −
←
∂ p
→
∂ q + i
←
∂χα
→
∂χα
)
B (10)
with the help of the even Hamiltonian H
H =
p2 +W 2(q)
2
+
i
2
χαχ
αW ′(q) , (11)
which both follow from the N = 2 supersymmetric action with the Grassmann-even
Lagrangian L (g(L) = 0) (see, for example, [4])
S =
1
4
∫
dtdθ2dθ1 [D
αΦDαΦ+ 2iV (Φ)] =
∫
dtL , (12)
where V ′(Φ) = 2W (Φ) and the even Lagrangian after exclusion of the auxiliary field F is
L =
1
2
[
·
q
2
+ i(ψα
·
ψα + ψαψ
αW ′)−W 2] . (13)
The momenta canonically conjugate to the coordinates q and ψα in the even bracket
{q, p}0 = 1; {ψ
α, πβ}0 = −δ
αβ ,
following from the even Lagrangian (13), have the form
3
p =
∂L
∂
·
q
=
·
q ; πα =
∂L
∂
·
ψα
= −
i
2
ψα .
The last relations define the second-class constraints
ϕα = πα +
i
2
ψα ; {ϕα, ϕβ}0 = −iδ
αβ , (14)
which commute in the even bracket with the variables
χα = πα −
i
2
ψα ; {χα, χβ}0 = iδ
αβ ,
entering into the definitions for the even Dirac bracket (10) and the even Hamiltonian
(11). The even Hamiltonian (11) follows with the use of the second-class constraints
restriction ϕα = 0 from the total even Hamiltonian corresponding to the Lagrangian (13).
Equation (9b) can be obtained by taking the exterior differential d of the Hamilton
equations (9a) for the Witten mechanics and performing the map λ:
dq → η; dp→ π; dχα → gα
dψα → aα; dπα → −pα; dF → Ξ; dϕα → fα . (15)
Note, that we identify the grading of the exterior differential d with the Grassmann grading
g of the quantities θα (g(d) = g(θα) = 1), i.e., g(dxa) = g(xa) + 1. The composition λ ◦ d
of the maps λ and d renders the even Hamiltonian (11) into the odd one (8)
dH
λ
→ H¯
3. The inter-relation of the brackets (10), (7) and of the corresponding to them
Hamiltonians (11), (8) can be described by the following scheme. Hamilton’s equations
of a system expressed by means of the usual even Poisson-Martin bracket with the use of
the Grassmann-even Hamiltonian H
·
xa= {xa, H}0 = ω
ab∂H
∂xb
, (16)
can be rewritten as
·
xa= ωab
∂H
∂xb
≡ ωab
∂(dH)
∂(dxb)
def
= {xa, dH}1 . (17)
The exterior differential of the Hamilton equations (16) can be expressed in the form
·
dxa= (dωab)
∂(dH)
∂(dxb)
+ (−1)g(a)+g(b)ωabd(
∂H
∂xb
) . (18)
If xa and dxa are considered as independent variables, then the order of the exterior and
partial differentiations can be changed in the second term in the right-hand side of relation
(18) which, thus, take the form
·
dxa= (dωab)
∂(dH)
∂(dxb)
+ (−1)g(a)ωab
∂(dH)
∂xb
def
= {dxa, dH}1 .
Thus, we introduced by definition the odd bracket
4
{A,B}1 =
= A


←
∂
∂xa
ωab
→
∂
∂(dxb)
+(−1)g(a)
←
∂
∂(dxa)
ωab
→
∂
∂xb
+
←
∂
∂(dxa)
(dωab)
→
∂
∂(dxb)

B , (19)
that reproduces with the use of the odd Hamiltonian dH the Hamilton equations (17) for
the phase coordinates xa, obtained by means of the even bracket with the help of the even
Hamiltonian H , and gives, besides, the equations for dxa. Note, that the last term in the
definition (19) disappears if we use a canonical form for the even bracket (16). As can be
verified with the use of the properties of the matrix ωab entering in the even bracket (16),
the bracket (19) does possess the properties necessary for the odd bracket. In connection
with a similar scheme see also the paper [6].
It is interesting to note that, by using this scheme, the Grassmann-odd Hamilton
formulation for the supersymmetric one-dimensional oscillator fulfilled by means of the
odd bracket
·
xa= {xa, H¯}1 = x
a
(
←
∂ θ1
→
∂ q −
←
∂ q
→
∂ θ1 +
←
∂ θ2
→
∂ p −
←
∂ p
→
∂ θ2
)
H¯
with the odd Hamiltonian H¯ = qθ2 − pθ1 can be obtained from the even Hamilton for-
mulations of both the Bose-oscillator and the Fermi-oscillator which are described corre-
spondingly in the Poisson and Martin even brackets
{A,B}P.B.0 = A
(
←
∂ q
→
∂ p −
←
∂ p
→
∂ p
)
B; {A,B}M.B.0 = −iA
(
←
∂ θ1
→
∂ θ1 +
←
∂ θ2
→
∂ θ2
)
B
with the even Hamiltonians H = (p2 + q2)/2 and H˜ = iθ1θ2, respectively. Under this,
the operation of taking the exterior differential must be accompanied by the designations
dq = θ2, dp = − θ1 in the Bose-oscillator case and idθ1 = q, idθ2 = p for the Fermi-
oscillator.
In general case if we have a Hamilton system which dynamics is described by means
of the bracket {A,B}ǫ with the help of the Hamiltonian
ǫ
H
·
xa= {xa,
ǫ
H}ǫ =
ǫ
ω
ab ∂
ǫ
H
∂xb
, (20)
where ǫ (ǫ = 0, 1) is the Grassmann parity of both the bracket and the Hamiltonian,
then the Hamilton equations for the phase coordinates xa and the equations for their
differentials dxa, obtaining by a differentiation of equations (20), can be reproduced by
the following bracket of the opposite Grassmann parity
{A,B}ǫ+1 =
= A


←
∂
∂xa
ǫ
ω
ab
→
∂
∂(dxb)
+(−1)g(a)+ǫ
←
∂
∂(dxa)
ǫ
ω
ab
→
∂
∂xb
+
←
∂
∂(dxa)
(d
ǫ
ω
ab
)
→
∂
∂(dxb)

B (21)
with the help of the Hamiltonian d
ǫ
H (g(d
ǫ
H) = ǫ+ 1), that is,
·
xa= {xa,
ǫ
H}ǫ = {x
a, d
ǫ
H}ǫ+1 ;
·
dxa= d({xa,
ǫ
H}ǫ) = {dx
a, d
ǫ
H}ǫ+1 .
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We can again verify, by using the properties of the matrix
ǫ
ω
ab
for the bracket (20), that
(21), in fact, satisfies all the properties necessary for the bracket {A,B}ǫ+1.
As in the case of Hamilton’s formulations there is an interconnection between La-
grange’s equations corresponding to the Lagrangians of the different Grassmann parities
L (13) and L¯ (2), because the odd Lagrangian L¯ (2) is related by means of the redefinition
λ (15) with the exterior differential dL of the even Lagrangian (13). Indeed, Lagrange’s
equations corresponding to the Lagrangian
ǫ
L (qa,
·
qa) with the Grassmann parity ǫ can be
written in the two equivalent forms
d
dt

 ∂
ǫ
L
∂
·
qa

− ∂
ǫ
L
∂qa
= 0⇐⇒
d
dt

 ∂(d
ǫ
L)
∂(
·
dqa)

− ∂(d
ǫ
L)
∂(dqa)
= 0 , (22a, b)
while the equations obtained by taking the differential of (22a) have the form
d
dt

∂(d
ǫ
L)
∂
·
qa

− ∂(d
ǫ
L)
∂qa
= 0 . (22c)
Equations (22b) together with (22c) can be considered as Lagrange’s equations for the
system described in the configuration space with the coordinates qa, dqa by the Lagrangian
d
ǫ
L of the Grassmann parity ǫ+ 1.
Note also that if the Lagrangian
ǫ
L has the constraints ϕi(qa, pa = ∂
ǫ
L/∂
·
qa) satisfying
the relations in the bracket corresponding to
ǫ
L
{ϕi, ϕk}ǫ = f
ik ,
then the Lagrangian d
ǫ
L will possess the constraints ϕi(qa, pa = ∂(d
ǫ
L)/∂(
·
dqa)), coinciding
with those following from
ǫ
L, and dϕi obeying the relations
{ϕi, dϕk}ǫ+1 = f
ik; {ϕi, ϕk}ǫ+1 = 0 ,
which follow from the related with d
ǫ
L bracket expression (21) that in the case is without
the last term in their right-hand side (cf., e.g., equations (14) with (5), (6)).
4. Thus, it is shown that for the given formulation of the dynamics (either in Hamil-
ton’s or in Lagrange’s approach) with the equations of motion for the dynamical variables
za we can construct, by using the exterior differential, such a formulation, having the op-
posite Grassmann parity, that reproduces the former equations for za and gives, besides,
the equations for their differentials dza.
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